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Ana Fialho,a‡ Nelson R. Bernardino,a¶ Nuno M. Silvestre,∗a and Margarida M. Telo da
Gamaa
The confinement of liquid crystals inside curved geometries leads to exotic structures, with appli-
cations ranging from bio-sensors to optical switches and privacy windows. Here we study how cur-
vature affects the alignment of a cholesteric liquid crystal. We model the system on the mesoscale
using the Landau-de Gennes model. Our study was performed in three stages, analysing differ-
ent curved geometries from cylindrical walls and pores, to toroidal domains, in order to isolate the
curvature effects. Our results show that the stresses introduced by the curvature influence the
orientation of the liquid crystal molecules, and cause distortions in the natural periodicity of the
cholesteric that depend on the radius of curvature and on the commensurability between the pitch
and the dimensions of the system. In particular, the cholesteric layers of toroidal droplets exhibit
a symmetry breaking not seen in cylindrical pores and that is driven by the additional curvature.
1 Introduction
Liquid crystals (LCs) have dominated the display industry for over
50 years and are of standard use in small everyday devices.1–3
Typically, such technology comprises a nematic LC confined be-
tween two flat plates, as in monitors,4,5 or encapsulated to cav-
ities dispersed in a polymer matrix (PDLC), as in privacy win-
dows.6–8 These rely on the fact that LCs are fluid flexible media
extremely sensitive to the confining surfaces and to applied exter-
nal perturbations.
Nematics are the simplest of the LC phases. They differ from
the isotropic phase by exhibiting long range orientational order,
which makes it energetically favourable for the nematic molecules
to be (on average) uniformly aligned. In the presence of frus-
tration, e.g., imposed by confinement, the nematic induces the
nucleation of topological defects (in the orientational field).9,10
These are small regions of reduced orientational order that scale
with the correlation length and play a major role in wetting,11
phase transitions,10 and in the interaction of colloidal particles
dispersed in an LC.12 Their nucleation is particularly important
in the physics of bistable LC devices used in a large scale to indi-
cate the price of any produce at your local supermarket.13
Also with a wide range of applications are cholesteric LCs.
From the macroscopic point of view, they differ from nemat-
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Fig. 1 Schematic of a cholesteric in contact with a wall (dark bar on
the left) of curvature radius R. The pitch P is defined here as the dis-
tance needed for the orientational field to rotate by 2pi. The configuration
presented corresponds to the limit of a flat surface (R→ ∞). The color
indicates the off-plane (angular, nθ ) component of the orientational field.
White: the director points out of the plane; Black: the director is in-plane.
ics by the fact that they exhibit spontaneous twist that, on
the microscopic level, is the result of being composed of chi-
ral molecules.9,10 To the general public they are probably bet-
ter known for their application as mood rings and thermome-
ter strips,14,15 and eWriters.16 A key feature of cholesteric LCs
important for applications is the ability to control the reflected
light by manipulating its spontaneous pitch, either by the appli-
cation of external fields or by changing the temperature of the
LC. This seems to be completely understood from the point of
view of cholesterics confined to flat surfaces. However, as the
display technology moves towards softer hardware it is of crucial
importance to understand what is the effect of curvature on the
cholesteric pitch.
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Fig. 2 (a) Square of the off-plane (angular) component of the director
field n2θ and (b) cholesteric pitch P as functions of the distance to the wall
d with curvature radii R/Po = 0.001, 0.01, 0.1, 1, ∞. Po is the natural pitch
of the system. In the inset: maxima of P as a function of the distance.
The dashed lines correspond to P/Po− 1 ∼ (d/Po)−α with α = 0.01, 0.05
and are represented for comparison.
The development of new soft-lithographic techniques made
possible the controlled production of new PDLC matrices with
droplets of prescribed shapes and non-trivial topologies.17 Of
particular interest are toroidal shapes, for which the Poincaré-
Hopf theorem dictates that the net charge of the bulk defects is
∑i qi = 0, in the absence of surface defects. For a torus on the mi-
crometer scale defects may appear in pairs of opposite charge.17
However, as the system size increases the presence of topologi-
cal defects becomes energetically unstable, and for a torus on the
millimetre scale, the LC texture is completely free from topologi-
cal defects.18 However, in some toroidal systems the liquid crys-
tal texture can contain defects. This happens when two regions
on the confining surface have different boundary conditions.19
Such is the case of liquid crystal droplets adsorbed at micrometer
fibers.20,21
In this work we are interested in understanding what is the role
of curvature on the texture of cholesteric liquid crystals confined
to toroidal domains. This manuscript is organized in the following
manner. In the next section we describe how we model the liquid
crystal and briefly describe our numerical methods. To achieve
our aim we have divided our study into three stages, which are
presented in Sec. 3. First, we consider a cholesteric liquid crys-
tal in contact with a cylindrical substrate and analyse how is the
cholesteric affect by decreasing the radius (increasing the cur-
vature) of the cylindrical wall. In particular we will show how
adding curvature changes the local periodicity of the cholesteric.
Second, we consider that the cholesteric is confined to a cylin-
drical pore and revisit some of the results obtained by Ambrozic
and Zumer.22,23 We will show that when the periodicity of the
cholesteric is non-commensurate with the size of the cylinder that
liquid crystal is no longer symmetric. Finally, we consider the case
of a toroidal domain and analyse how the curvature of the con-
fining surface affects the cholesteric texture. We summarize our
results in Sec. 4.
2 Model
We use the Landau-de Gennes model to describe the cholesteric
LC.9 The order parameter is a traceless, symmetric 2nd-rank ten-
sor Q that carries information on the local average molecular
orientation, the director field n, and on the degree of orienta-
tional order S; for uniaxial nematics it takes the form Qαβ =
S
(
3nαnβ −δαβ
)
/2, where δαβ is the Kronecker delta. The free
energy is written in invariant terms of Q and its derivatives ∂Q,
FLdG(Q,∂Q) =
∫
Ω dV
(
fb(Q)+ fe(∂Q)+ fqo(∂Q)
)
+
∫
∂Ω ds fs(Q),
with free energy densities as24
fb =
2
3
τ TrQ2− 8
3
TrQ3+
4
9
(
TrQ2
)2
, (1)
fe =
1
3
(
∂kQi j
)2
, (2)
fqo =
4qo
3
Qilεi jk∂ jQkl . (3)
Where Tr is the trace operator. The bulk free energy fb describes
the phase transition between the isotropic and the LC phases, the
elastic contribution fe is the same for nematics while fqo accounts
for the spontaneous twist deformations observed in cholesteric
phases. Here we adopt a dimensionless model and thus the free
energy depends only on two bulk parameters τ and qo, and length
is measured in units of the correlation length ξ ; as a reference,
for a nematic such as the 5CB at room temperature ξ ' 15 nm.
τ is a reduced temperature. Its value determines the equilibrium
bulk phase. qo = 2pi/Po is the inverse of the cholesteric pitch Po. In
this simple version of the Landau-de Gennes theory we allow for
splay, twist, and bend deformations to have, in the limit of Po→
∞, the same energy cost, also known as the one-elastic constant
approximation.
To account for the presence of confining substrates, a surface
free energy can be introduced. We restrict our study to substrates
that impose parallel alignment of the nematic molecules. In par-
ticular, in the full three dimensional problem (see below), we con-
sider the Fournier-Galatola planar degenerate surface potential25
fs =
W
2
(
Tr
(
Q˜− Q˜⊥
)2
+
(
TrQ˜− 3
2
S2s
)2)
, (4)
where W is the reduced surface anchoring constant, Q˜αβ =
Qαβ +Ssδαβ /2 and Q˜⊥ = PT Q˜P, with the projection matrix Pαβ =
δαβ −νανβ ;~ν is the surface normal. The first term penalizes devi-
ations of the director field from any (local) parallel orientation on
the substrate. The second term forces the degree of orientational
order to coincide with Ss, the preferred degree of orientational
order at the surface.
In this work we address the effect of curvature on the
cholesteric pitch. To that end we are interested in measuring
the local pitch P(r) that characterizes the local twist of the di-
rector field n. This is done by evaluating the twist parameter26,27
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Fig. 3 Comparison between the cholesteric configurations for the no cur-
vature limit ((a) and (b)) and for a curvature radius R= 50ξ ((c) and (d)).
Systems (a) and (c) have boundary conditions with φ = 0 and systems
(b) and (d) have φ = pi2 . The color represents n
2
θ , the square of the com-
ponent of the director along eθ . The grey bars represent the director
field.
Stw = εi jkQil∂ jQlk, which is inversely proportional to the pitch
P(r)
P0
=−9
4
S2
Stw
q0. (5)
The sign is related to the direction of rotation of the twist de-
formation. Stw is negative if the rotation is anti-clockwise and
positive if clockwise.
This study was performed in different steps. We first considered
cholesteric systems with either translational or cylindrical symme-
try. This allows to simplify the problem to two dimensions (2D).
Our 2D studies were performed with COMSOL 3.5a,28 which uses
finite elements techniques to solve the Euler-Lagrange equations
that follow from the minimization of the Landau-de Gennes free
energy. Details on this method can be found in29. Finally, we con-
sidered the full three dimensional problem of toroidal droplets
and minimized the free energy with finite element methods with
adaptive meshing, described in detail in30. In both 2D and 3D
studies our meshes are refined to insure a numerical precision
< 1% for the Landau-de Gennes free energy.
3 Results
3.1 Cholesteric near a flat surface
When a cholesteric phase is in contact with a flat substrate the
anchoring on the surface forces the cholesteric LC to assume a
preferred configuration. For example, if the surface induces pla-
nar anchoring, the cholesteric orients its twist axis in such a way
that the cholesteric layers are aligned parallel to the substrate. If
by any means the cholesteric were to align its twist axis paral-
lel to the substrate, the orientational frustration imposed by the
P=400
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Fig. 4 Equilibrium configurations for a cholesteric liquid crystal inside an
infinite cylinder with radius r = 500ξ . (a) to (e): fixed boundary condi-
tions with director parallel to the long axis of the cylinder (z-axis). (f) to (j)
fixed boundary conditions with director tangent to the limiting circumfer-
ence, on planes of constant z. The color represents n2θ , the square of the
component of the director along eθ . The grey bars represent the director
field.
surface anchoring would induce the nucleation of evenly spaced
defects at the substrate, thus increasing the free energy of the sys-
tem. Such configuration is only preferred if the anchoring on the
substrate is homeotropic as in that case there is no other configu-
ration with lower energy cost.31 Here, nonetheless, we focus on
the case of a surface with planar anchoring.
In Fig. 1 we show the preferred configuration of a cholesteric
LC near a flat wall (dark bar on the left) with planar anchoring.
The cholesteric twists in the direction perpendicular to the sub-
strate and forms a layer-like system. The phase is characterised
by a twist pitch P, which is constant throughout the entire system
and coincides with the natural cholesteric pitch Po that is an input
to the model, and describes the undulation of the director field,
shown in Fig.2a for R/Po = ∞.
3.2 Adding curvature: from flat to cylindrical surfaces
To address the effect of curved surfaces we consider that the
wall is the surface of a cylinder of radius R, as defined in Fig.1.
In this case the flat surface corresponds to the limit R→ ∞ for
which the cholesteric ’layers’ are equally spaced by Po/2. In
Fig.2a we show how the square of the off-plane director com-
ponent n2θ varies with the distance to the wall d for different radii
R/Po = 0.001, 0.01, 0.1, 1, ∞. n2θ is an harmonic function of the
distance varying from 0 to 1. Clearly, if the radius of curvature is
comparable to the natural pitch Po then n2θ is very similar to the
one obtain for the flat wall (R/Po = ∞). However, if the radius
of curvature is much smaller than the pitch Fig.2a shows that n2θ
is shifted significantly and its maxima and minima occur farther
away from the wall when compared with the flat case. This in-
dicates that as the curvature increases (R decreases) the actual
pitch of the cholesteric deviates from its natural value Po.
Figure 2b shows how the local pitch P (defined in Eq.5)
varies with the distance to the wall d for different radii R/Po =
0.001, 0.01, 0.1, 1, ∞. For the flat wall the pitch P= Po is constant
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everywhere, as already discussed. As the radius of the cylinder
is decreased the local pitch P undulates close to the natural pitch
value and converges to Po far from the wall d → ∞. By increas-
ing the curvature of the wall the undulations of P are more pro-
nounced close to the substrate, but rapidly decay as d increases.
However, for distances d > 0.75Po the decay is very slow as can be
shown in the inset of Fig.2b. The points indicate the maxima of
P and the dashed lines correspond to P/Po−1∼ (d/Po)−α where
α = 0.01 (bottom line) and α = 0.05 (upper line).
The undulating behaviour seen here is related to the compres-
sion P < Po and dilation P > Po of the cholesteric, and it comes
from the energetic cost associated with a bend deformation in-
duced by the cylindrical symmetry, allied with the cholesteric
twist. For example, consider the cholesteric layer in which the
off-plane component reaches zero. In this situation, the bending
energy associated with bending such ’layer’ is nearly zero as, in
this region, ∂θnθ ∼ 0. However, the bending energy is large for
the layers in which n2θ = 1. This indicates that the system can com-
promise between dilating the layers with nθ = 0 and compressing
those with n2θ = 1.
3.3 Cholesteric confined to cylinders
We now consider that the cholesteric is confined to a cylindrical
tube of radius r. Such system was previously studied by Ambrozic
and Žumer.22,23 Here, we restrict our study to configurations that
have translational symmetry, and consider two different orienta-
tions on the surface of the cylinder, shown in Fig.3a and b for
r/Po = 1.25 : (i) n is along the symmetry axis of the cylinder
and (ii) the director is in-plane and parallel to the surface of the
cylinder. In both cases the cholesteric twists radially forming an
onion-like configuration. Also in this situation the layers com-
press or dilate depending on if the director field is, respectively,
in-plane (dark regions) or off-plane (bright regions). However, in
this situation the configuration of the cholesteric also depends on
how the radius of the cylinder commensurates with Po.
Figure 4 shows a cholesteric LC inside a long cylinder of radius
r = 500ξ for different pitch Po values and the same two types of
boundary conditions shown in Fig.3. In the configurations found,
the cholesteric at the center of the cylinder is always pointing off-
plane. This means that when at the boundary the director is also
off-plane, the cholesteric will try to perform (radially) at least a
half turn (see Fig.4a). However, if the n at the surface of the
cylinder is in-plane, the minimum rotation that the cholesteric
can perform is 1/4 of a turn (see Fig.4f).
For both cases, whenever the pitch commensurates with the ra-
dius of the cylinder the cholesteric displays an onion-like config-
uration with the cholesteric layers arranging themselves as con-
centric cylinders. However, when the pitch is non-commensurate
with r the layers are disrupted and assume a configuration that
resembles that of finger prints. In this situation, the stress that
comes from the compression and dilation of the cholesteric lay-
ers to maintain the onion-like configuration is high and the sys-
tem prefers to split some cholesteric layers, particularly the ones
closer to the center as it is there that the bending energy is higher.
P=400
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Fig. 5 Cholesteric configurations for a system with radius of curvature
R = 50ξ . (a) to (e) correspond to boundary conditions with φ = 0, and
(f) to (j) have boundary conditions with φ = pi2 . The color represents n
2
θ ,
the square of the component of the director along eθ . The grey bars
represent the director field.
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Fig. 6 Configurations of a cholesteric inside a torus, with multiple layers.
(a) rR = 0.8,
P0
r = 0.25, (b)
r
R = 0.5,
P0
r = 0.5, (c)
r
R = 0.25,
P0
r = 0.5. The
color scale refers to n2θ and the grey bars represent the director field.
3.4 Full confinement: from a cylinder to a torus
Confining the cholestic LC inside a cylindrical pore clearly affects
the local pitch, not only due to the curvature of the confining
surface but also due to the competing length scales, the pitch P
and the radius of the cylinder r.
Within good approximation a torus (doughnut) of infinite
principal radius, R → ∞, corresponds to a long cylinder. This
means that as the principal radius of the torus is decreased the
cholesteric layers confined inside the torus should respond ac-
cordingly to the additional curvature as depicted in Figs.3c and
3d.
In Fig.5 we show the cholesteric layers inside a torus of princi-
pal radius R = 50ξ and cross-section r = 500ξ for different pitch
values Po. Again, we consider two types of anchoring orientations
at the surface of the torus: 5a – 5e) in-plane φ = 0, and 5f – 5j)
off-plane φ = pi/2. The (cylindrical) symmetry axis is located on
the left. As in Section 3.2, when the director is parallel to the
symmetry axis there is no additional bending energy associated
to extending that particular region, and whenever the director if
perpendicular to the symmetry axis (off-plane) it is preferable to
contract that region to reduce bend deformations. As a result,
even for the case of concentric layers in the R→∞ limit the layers
are deformed.
As in the case of a cylindrical pore, when the cross-section of
the toroidal droplet is non-commensurate with the pitch, the cen-
4 | 1–6Journal Name, [year], [vol.],
tral layers break and allow the outer layers to extend towards
the center of the cross-section. Here the additional ingredient is
that this extension of the outer layers mainly happens along the
equatorial plane of the torus, which indicates that there is a con-
straint on this extensional direction that is set by the additional
curvature.
Finally, we have considered the full 3D problem. Figure 6
shows the configuration of cholesterics LC confined to toroidal
droplets with planar degenerate anchoring, i.e., here the LC
molecules are allowed to align in any direction parallel to the
surface of the torus. As a result, the cholesteric is now able to
relief some of the built-in stress due to the curved surfaces that
confines it by assuming different orientations on the same cross-
section. In this way, the cholesteric now exhibits broken layers
that penetrate the surface. We note that on the equatorial plane,
in the inner most region of the surface of the torus, where the
curvature is highest, the director field is parallel to the symme-
try axis, thus preventing to increase the free energy of the system
through bend deformation.
4 Conclusions
In this manuscript we have considered the effect of curvature on
the pitch of a cholesteric liquid crystal. We started by consider-
ing a cholesteric LC in contact with a cylindrical wall of a given
radius. We found that, because of the curvature, the cholesteric
is subjected to additional bend distortions that influence the ori-
entational field. As a result, the cholesteric contracts the regions
where this bend deformation is higher and dilates the ones where
it is lower, thus changing locally the value of the pitch P. These
distortions were found to be larger for higher curvatures (thinner
cylinders) but rapidly decaying with the distance to the wall.
When the cholesteric is insider a cylindrical cavity the distor-
tion effect due to the curvature of the confining wall is again
present. Typically, the cholesteric assumes an onion-like config-
uration with the cholesteric ’layers’ adopting the form of concen-
tric cylinders. However, if the radius of the cylinder was non-
commensurate with the cholesteric pitch, due to the stress com-
ing from the bend deformations, the inner most layers split and
the cholesteric assumes a configuration resembling finger prints.
We then considered the cholesteric to be confined in a toroidal
droplet, with cylindrical symmetry around its symmetry axis. For
an infinitely large torus the cholesteric adopts the same configu-
rations as in the cylindrical confinement case with a given cross-
sectional radius. As the torus is made smaller there is a shift in
the position of the cholesteric layers that appears as a result of the
additional curvature. The effect is more pronounced for smaller
radii.
Finally, we considered the full three-dimensional toroidal
droplet and considered planar degenerate anchoring on the sur-
face of the torus. We corroborate the results found for systems
with cylindrical symmetry. Particularly, we found that the distor-
tion of the natural pitch depends heavily on the curvature of the
droplet. However, because the system is less constrained, particu-
larly at the confining surface, we observe an enhancement of the
effect seen for non-commensurable length scales that induce the
splitting of the cholesteric layers.
Our main conclusion is that the curvature, and in particular
that of the toroidal droplets, affects the local orientation of the
cholesteric LC distorting the periodicity of the spontaneous twist
deformation. For the case of confining surfaces, this results is a
symmetry breaking of the cholesteric layers that depends not only
on the curvature of the bounding surface but also on the commen-
surability between the pitch and the geometrical parameters.
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